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1. We have obtained the following results on minimal positive harmonic 
functions. 
Suppose that u is a minimal positive harmonic function on a bounded 
domain D in the n-dimensional Euclidean space YW (n P 2). By X we denote 
the set of all boundary points of D on each neighbourhood of which u is 
unbounded. Then 8 is closed, connected and rum-void. Furthermore, u has 
the boundary value zero at each regular boumlary point of D outside S. If 
S contains a point at which the boundary of D satisfies a Lipschitz condition, 
then S con&sts only of that point. 
A positive harmonic function u is called minimal on a domain D if 
there are no positive harmonic functions-apart from multiples of zc- 
that are smaller than u everywhere on D. 
A boundary point Q of D is called regular if for each continuous function f 
on the boundary bD of D the corresponding generalized solution of 
Dir&&let’s problem has the boundary value f(Q) at Q. The boundary of 
D is called regular if each point of bD is regular. 
The boundary of a domain D in IP (n > 2) is said to satisfy a Lipschitz 
condition at a boundary point Q if there are a neighbourhood N of Q, 
an orthogonal coordinate system (X, y) (with X ~Bn-1 and y EI+~) and 
a real function b on ‘~3fi-1 such that 
and such that 
D n N={(X y)ly>b(X)} n N 
/b(X)-b(X’)j<L.IX-X’I 
for all X, X’ in Bm-1 and some constant L; here IX-X’1 is the distance 
between X and X’. Such a boundary point is regular, because it is the 
vertex of a right circular cone which has no point in common with D n N. 
*) This research was supported by the Netherlands Organization for the 
Advancement of Pure Research (Z.W.O.). 
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2. It is obvious that S is closed. Suppose that it is the union of two 
disjoint non-void closed sets Si and Se. Let Hr and Hz be disjoint open 
sets with a common regular boundary P such that St C Hg (for i = 1,2) 
and such that D is contained in Hr u Hz u P. One may construct such 
sets by dividing the space into equal (hyper-)cubes of diameter less than 
the distance between Sr and Sz and choosing suitable unions of those 
cubes. We form a sequence of domains 0, (j= 1,2, . ..). each with a regular 
boundary, each together with its boundary contained in the next one, 
and such that D is their union. 
For i=l, 2 and i=l, 2, . . . we denote by ur,j the generalized solution 
of Dirichlet’s problem on 0, for the boundary function ff,, which vanishes 
on BD, n Hi and equals u elsewhere on bDj. In order to verify that these 
generalized solutions are uniquely determined we have to show - according 
to a theorem of M. Brelot ([2], Ch. VIII)-that the functions /a,, are 
integrable with respect to harmonic measure. Since u is continuous on 
bD,, it is measurable on bDp The indicator functions of the sets BDJ- Hg 
are measurable too, because these sets are closed. Each of the functions 
ft,~ is the product of u and one of these indicator functions, and therefore 
measurable. Since they are bounded and since harmonic measure is finite, 
the functions ft,r are integrable indeed. 
The functions U~,J are all majorized by u. Hence the sequences {ui,,} 
and (uz,,} have subsequences which converge on each of the domains 0, 
-and therefore on D-to harmonic functions ur and uz respectively. 
For i=l, 2 we have on D 
Hence at least one of the functions ~1 -say ~1 -does not vanish 
identically on D. Since u is minimal, this shows that there is a positive 
constant C such that u = C. ur on D. 
Let w be the harmonic measure of rn D on D n HI, that is, o is 
the generalized solution of Dirichlet’s problem on D n HI with the indicator 
function of rn D as boundary function. This generalized solution is 
uniquely determined because Tn D is open in b(D n HI). Since P and S 
have a positive distance from each other, u is bounded on r n D. Let 
1M be a finite upper bound. The functions ui,j have the boundary value 
zero on bD3 n HI and w has the boundary value one on rn D, because 
the boundary points involved are all regular. Therefore ui,j< M .w on 
D,n HI (for i= 1,2, . ..). So we have on D n HI 
u=C.ul<C.M.o<C.M . . . (*). 
As a consequence u is bounded on D n HI. This contradicts our 
assumption that Si is non-void. Hence S is conneated. 
3. Suppose that S is empty. Let Qi and Qz be different regular 
boundary points of D. We follow the reasoning of the preceding section, 
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but this time with S1 ={Ql> and SZ =(Qz}. Inequality (*) shows that u 
has the boundary value zero at at least one of the points Qt. Hence there 
is at most one regular boundary point at which u does not vanish. 
We consider the set which consists of all irregular boundary points 
of D and-if such a point exists- of the regular boundary point at which 
u does not vanish. This set is the union of a countable number of closed 
sets of capacity zero, because the set of irregular points is such a union [l]. 
Hence each closed subset of it has the capacity zero ; this follows from 
the fact that a compact set has the capacity zero if and only if the 
potential of each positive distribution of masses on it is unbounded on 
each neighbourhood of that set [l]. 
0. D. Kellogg ([4], Ch. XI, section 20) proved the following lemma. 
A bounded harmonic function on a bounded domain in 33~” (n 2 2) which 
has the boundary value zero everywhere except possibly on a set which 
contains no closed subset of positive capacity, vanishes identically on 
that domain. Hence the above facts imply that u vanishes identically 
on D, which is a contradiction. This shows that S is not empty. 
4. Suppose that QO is a regular boundary point of D outside S. We 
again argue as in section 2, this time with S1 ={Qo} and Sz =S. Now the 
function uz vanishes identically on D, because otherwise S would be 
empty. Hence u1 does not vanish identically. Inequality (*) finally shows 
that u has the boundary value zero at Qo. 
5. For the proof of the final statement in the theorem of section 1 
we need some facts which wereproved by R. A. Hunt and R. L. Wheeden [3]. 
Suppose that G is a Lipschitz domain in @n (n > 2), that is, G is a bounded 
domain the boundary of which satisfies a Lipschitz condition at each 
of its points. By UP(E) we denote the harmonic measure of E at P for 
a subset E of aG and a point P of G. Let PO be a fixed point of G. Then 
the function k(. , Q) which is defined on G by 
clhp 
W’s Q) = - d&% (Q) 
exists for each boundary point Q. Here the derivative is to be understood 
in the sense of Radon-Nikodym. For fixed Q E bG the function k(. , Q) 
is positive and harmonic on G. It vanishes at all boundary points except Q. 
For fixed P E G the function k(P , .) is continuous on bG. Using Harnack’s 
inequality and inequality (2.4) of [3] one may prove that k(. , .) is 
continuous on K x d for each pair of disjoint closed subsets K and d 
of B and bG respectively. If a function u is harmonic on G and continuous 
on B, then 
U(P) = & u(Q) .dwp(Q) = J k(p, Q) 'u(Q) -dmpo(Q)a 
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6. We shall now prove the final statement in the theorem of section 1. 
Let Qo be a point of S at which bD satisfies a Lipschitz condition. Suppose 
that Qo is not the only point of S. Then, because S is connected, each 
neighbourhood of Qs contains a point of S, different from Qs. We choose 
six neighbourhoods NI , . . . , Na of QO such that D n Nr+r--flr is a Lipschitz 
domain and such that N~+I -1, contains a point Qr of S (i = 1, . . ., 5). 
We may choose for these neighbourhoods truncated cones, sufficiently 
sharp and all having the same axis through Qe. By (0~) we denote the 
same sequence of domains as in section 2. 
Let VJ be the generalized solution of Dirichlet’s problem on Dj u (D-14) 
for the boundary function which equals u on CID, n N4 and zero elsewhere 
(i= 1, 2, . ..). Let wj be the generalized solution of Dirichlet’s problem on 
0, u (D n Na) for the boundary function which equals u on bD,-- NS and 
zero elsewhere. To see that these generalized solutions are uniquely 
determined, we may argue as in section 2. The only difference with the 
situation in section 2 is that now u is not necessarily continuous on the 
boundaries of the domains on which the given generalized solutions are 
defined. However, for any fixed value of i we may replace u by the 
generalized solution of Dirichlet’s problem on the complement of 4 with 
the restriction of u to bD3 as boundary function. We may suppose that 
bDj is a regular boundary for the complement of & as well as for D;r. 
The functions vj and wj are all majorized by u. So subsequences of 
{vj} and {wj] converge on each of the domains D,-and therefore on D - 




This shows that at least one of the functions v and w does not vanish 
identically on D. Suppose first that v does not vanish identically. Then 
there is a positive constant C such that u= C.v on D, because u is minimal. 
We denote the Lipschitz domain D n N6 -15 by G and the closure 
of BG n D by A. The functions vj are harmonic on G and continuous 
on 8. They vanish on bD n bG, because the boundary of a Lipschitz 
domain is regular. It now follows from the facts we mentioned in section 5 
that there are positive measures ,q on A such that 
W’) = S&R Q) -44Q) 
A 
for PEG and i= 1, 2, . . . . Here k(P, Q) is the function we introduced in 
section 5. Let K be the intersection of G with a closed ball which has 
Q5 as its center and which has no point in common with A. The function 
k(. , .) is continuous and therefore bounded on the compact set K x A; 
let M be a fmite upper bound. Then 
v,,(P)<.WW’o, Q)~dpj(Q)=~~~~(Po) Q M.u(Po) 
A 
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for PEK and j=l, 2, . . . Hence 
u(P)=C*v(P)<C*M*u(Po) 
for PE K. As a consequence u is bounded on a neighbourhood of Q5, 
in contradiction with our assumption that Q5 is in S. 
In the case that v vanishes identically on D we follow the same reasoning 
for the function w on the Lipschitz domain D n Nz-11. We then find 
that u is bounded on a neighbourhood of Qi, which is a contradiction 
as well. This completes the proof. 
7. As a consequence we prove the following fact. 
Suppose that u is a minimal positive harmonic function on a bounded 
domain D in an (n > 2) the boundary of which satisfies a Lipschitz condition 
at all its points outside some countable set. Then there is exactly one boundary 
point of D on each neighbourhood of which u is unbounded. 
PROOF. We denote by S again the set of all boundary points of D 
on each neighbourhood of which u is unbounded. We have seen that S 
is connected; suppose that S contains more than one point. A connected 
set in IR* which contains at least two points is not countable. Hence 
there is a point of S at which bD satisfies a Lipschitz condition. It now 
follows from the theorem in section 1 that S consists only of that point: 
contradiction. Since S is not empty, it contains exactly one point. This 
was to be proved. 
8. Suppose that w is a minimal positive harmonic function on a bounded 
domain D in @m (n > 2) and P some point of D. Then the restriction of 
u to D-{P} is minimal on D - (P}. At the boundary point P it has the 
value u(P). This shows that a minimal positive harmonic function on a 
bounded domain may have a finite positive boundary value at an irregular 
boundary point. 
9. It is possible to extend the previous results to the case of domains 
the complement of which has an interior point. By an inversion such a 
domain is transformed into a bounded domain D. By the corresponding 
Kelvin transformation the minimal positive harmonic functions on the 
original domain are transformed into the minimal positive harmonic 
functions on D. However we observe that sometimes a bounded function 
on an unbounded domain may be transformed into an unbounded function 
on a bounded domain. 
10. A positive harmonic function on a Lipschitz domain is minimal 
if and only if it has the boundary value zero at all boundary points 
but one. This was proved by R. A. Hunt and R. L. Wheeden [3]. We 
give an example of a bounded domain the boundary of which satisfies 
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a Lipschitz condition at all its points but one, and a positive harmonic 
function on that domain which is not minimal, although it vanishes at 
all boundary points but one. 
First we consider the function U(X, y, x) = 2. cash 2. cos z on the domain 
D = {(z, y, z)l 1~1 <n/2} in IY. This function vanishes at all boundary points 
of D except the point at infinity. However u is not minimal, because 
the function e*-cos z is smaller than u everywhere on D. By an inversion 
we map D onto a domain D which is bounded by two internally tangent 
spheres. By the corresponding Kelvin transformation u is transformed 
into a function which is not minimal on d, although it vanishes at all 
boundary points except the point of tangency between the bounding 
spheres. On the other hand it follows from our results in the sections 7 
and 1 that a minimal function on D has the boundary value zero at 
all boundary points but one. 
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